Published by Institute of Physics Publishing for SISSA/ISAS Received: March 6, 2003 Accepted: April 23, 2003

Systematics of quarter BPS operators in N = 4 SYM^∗

Eric D’Hoker and Anton V. Ryzhov

Department of Physics and Astronomy, University of California Los Angeles, CA 90095, USA E-mail: dhoker@physics.ucla.edu, ryzhovav@physics.ucla.edu

Paul Heslop

II. Institut für Theoretische Physik der Universität Hamburg, Germany and Institut für Theoretische Physik, Universität Leipzig, Germany E-mail: heslop@physik.uni-halle.de

Paul Howe

Department of Mathematics, King’s College, London, UK E-mail; phowe@mth.kcl.ac.uk

Abstract: A systematic construction is presented of 1/4 BPS operators in N = 4 superconformal Yang-Mills theory, using either analytic superspace methods or components. In the construction, the operators of the classical theory annihilated by 4 out of 16 supercharges are arranged into two types. The first type consists of those operators that contain 1/4 BPS operators in the full quantum theory. The second type consists of descendants of operators in long unprotected multiplets which develop anomalous dimensions in the quantum theory. The 1/4 BPS operators of the quantum theory are defined to be orthogonal to all the descendant operators with the same classical quantum numbers. It is shown, to order g^2, that these 1/4 BPS operators have protected dimensions.

Keywords: AdS-CFT and dS-CFT Correspondence, Superspaces.

∗Research supported in part by National Science Foundation grants PHY-98-19686 and PHY-01-40151 and by the RTN European Program HPRN-CT-2000-00148.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep042003038 /jhep042003038 .pdf

Contents

1. Introduction 1

2. N = 4 SYM in harmonic superspace 3 2.1 (4,1,1) harmonic superspace 4 2.2 Quarter BPS operators 5 2.3 Examples of systematic description 6 2.4 Multiplicity of quarter BPS operators 10 2.5 Relationship between N = 4 and N = 1 superfields 12

3. Explicit computations 12

1. Introduction

There are few things one can calculate exactly in the four-dimensional superconformal Yang-Mills theories. One class of such quantities consists of a set of correlation functions of the Bogomolnyi Prasad Sommerfield (BPS) operators. In N = 4 superconformal Yang- Mills, there are 1/2 BPS, 1/4 BPS and 1/8 BPS operators, which are operators that are invariant under 8, 4 and 2 (out of 16) Poincaré supercharges respectively. Based on very general arguments involving only the supersymmetry algebra [1, 2, 3], the anomalous dimension of any of these operators vanishes identically in the full quantum theory.

In the AdS/CFT correspondence, the local gauge invariant operators of N = 4 superconformal Yang-Mills are mapped to the physical states of the type-IIB superstring on AdS_5×S^5. (See [4, 5, 6] for the original papers and [7, 8, 9] for reviews.) The single trace 1/2 BPS operators (also referred to as chiral primary operators or CPOs) play a special role as they are in one-to-one correspondence with the short multiplets of supergravity and Kaluza-Klein states with spins ≤ 2. Driven by the success of this correspondence, several authors have derived non-renormalization results for various correlation functions of these operators. Results on the perturbative non-renormalisation of 2- and 3-point functions were derived in [10, 11, 12] in components and in superspace in [13, 14]; for further references on 3-point computations see [15]. An argument for the complete non-renormalisation of the 3-point function of the supercurrent multiplet based on anomalies was given in [11] and a superspace version of this was presented in [14]. An argument for the (non-perturbative) non-renormalisation of all 2- and 3-point functions of BPS operators based on an extra U(1)_Y symmetry was given in [16] and this was verified using analytic superspace methods in [17] following on from the earlier work of [18]. Generalizations to n-point functions were obtained for extremal [19, 20, 22] and near-extremal correlators [23]–[27].

– 1 –

Other BPS operators are also important, both from the perspective of superconformal Yang-Mills theory, and from that of the AdS/CFT correspondence. The simplest generalization is to multi-trace 1/2 BPS operators [28], for which non-renormalization results are the same as for single trace 1/2 BPS operators; see also [29]. Indeed, the arguments of [16] and [17] apply in this case too.

A more delicate generalization is to the multi-trace scalar operators obeying a 1/4 BPS shortening rule. A general group theoretic classification of such operators in free field theory was amongst the results derived in [30]. A more detailed study carried out in [31] revealed that in the full quantum interacting theory, the true 1/4 BPS operators involve admixtures of classical 1/4 BPS operators of [30] with descendants of non-BPS operators that occur in long supersymmetry multiplets. Using the operators obtained in [31], 2- and 3-point functions involving 1/2 and 1/4 BPS operators were computed in [32, 33]. In all cases studied, these correlators were shown to be non-renormalized to order g^2 as well as to be in accord with their large-N, large g^2N limit accessible through the AdS/CFT correspondence. In the framework of analytic superspace it turns out that the 1/4 BPS operators are described as tensor superfields carrying superindices. In [34] the 2- and 3- point functions of 1/4 BPS operators were analysed in analytic superspace and shown to be non-renormalised in a similar fashion to correlators of 1/2 BPS operators.^1 Correlation functions with n ≥ 4 operators are, in general, expected to receive quantum corrections, just as the multipoint functions of 1/2 BPS operators do [35]. (See also [7, 9] for further references.)

However, an important puzzle arose in [31]. It was argued that the number of 1/4 BPS operators in the interacting quantum theory for some representations was smaller than one would have expected from counting the number of 1/4 BPS operators in the classical theory. This would have required the presence of some form of superconformal anomaly, which is not expected to be present. Also, the procedure for constructing the candidate operators used in [31] was somewhat ad hoc and difficult to generalize.

In this note we use the machinery of (4,1,1) harmonic superspace to describe 1/4 BPS operators. The use of extended supersymmetry dramatically simplifies the counting and construction of scalar composite operators in the [q, p, q] representations of the R-symmetry group SU(4). We find that some operators were overlooked in [31]. Taking these operators into account eliminates the mismatch between the number of 1/4 BPS operators in the free and the interacting theory.

The construction of all 1/4 BPS operators in the fully interacting quantum theory is carried out as follows. First, in the classical interacting theory, a basis is produced of all the scalar operators in the representations of the R-symmetry group SU(4) suitable for 1/4 BPS operators with Dynkin labels [q, p, q], q ≥ 1 and with classical dimension p + 2q. In the classical interacting theory there are natural candidates for 1/4 BPS operators as well as other operators which can be identified as descendants. The basis may be regrouped into operators of these two types. Harmonic superspace techniques reduce this

1In fact, this result can be extended to many protected operators, including those which are in shortened series A representations [34].

– 2 – construction down to elementary group theory. The (4,1,1) superspace notation also makes distinguishing candidate 1/4 BPS operators from descendant operators simple.

Already at the Born level, the two types of operators usually mix; the overlaps between descendants and candidate BPS operators are generally nonzero. In a given representation [q, p, q] of SU(4), we identify the 1/4 BPS operators as those linear combinations of candidate 1/4 BPS operators and descendants which at Born level are orthogonal to all descendant operators in the same representation of SU(4). By construction therefore, the admixture coefficients depend on N but not on the coupling g^2. A scalar composite operator in the [q, p, q] of SU(4) which is annihilated by 4 out of 16 (Poincaré) supercharges can be either (Q^2Q̄^2)-descendants of long operators or 1/4-BPS primaries.^2 Thus, we argue that after subtracting off all the descendant pieces we should be left with a protected operator. We then proceed to calculate the two-point functions involving the 1/4 BPS operators thus constructed. Remarkably, even though the renormalization of long operators is governed by interactions, our 1/4 BPS operators constructed using Born level two-point functions remain orthogonal to all the (descendants of) long operators at order g^2. We find that any two point function involving a 1/4 BPS operator constructed this way receives no order g^2 corrections.

In the following we first review the 1/4 BPS operators from the point of view of harmonic superspace and then discuss the diagonalization of the operators corresponding to the same representations that were discussed in [31].

2. N = 4 SYM in harmonic superspace

The leading component fields of the 1/4 BPS multiplets in N = 4 SCFT are given by scalar fields which transform under the internal symmetry group SU(4) in representations with Dynkin labels of the form [q, p, q]. The complete supermultiplets can be very simply described in harmonic superspace, and we briefly recall how this construction works.

For N extended supersymmetry in four dimensions, (N , p, q) harmonic superspace is obtained from ordinary Minkowski superspace M by the adjunction of a compact manifold of the form K ≡ H\ SU(N ) where H = S(U(p) × U(N − (p + q)) × U(q)). This construction allows one to construct p projections of the N supercovariant derivatives D_{αi} and q projections of their conjugates D̄^i_α′ which mutually anticommute. We can therefore define generalized chiral or G-analytic superfields (G for Grassmann) in such superspaces which are annihilated by these derivatives. Now the superfields in harmonic superspace will also depend on the coordinates of K, and as this space is a complex manifold, they can be analytic in the usual sense (H-analytic) in their dependence on these coordinates. As the internal manifold is compact H-analytic fields will have finite harmonic expansions. The Lorentz scalar superfields which are both G-analytic and H-analytic, which we shall refer to as analytic, are the fields we are interested in. They can be shown to carry short irreducible unitary representations of the superconformal group (provided that they transform under irreducible representations of H). For original papers and detailed accounts of harmonic and analytic superspaces, see for example [36]–[39].

2It was shown in [31] that these are the only possibilities by group theory.

– 3 –

2.1 (4,1,1) harmonic superspace For the 1/4 BPS operators in N = 4 the most appropriate harmonic superspace has (N , p, q) = (4, 1, 1). Since the analytic fields in this space will be annihilated by one D and one D̄ it follows that they will only depend at most on 3/4 of the odd coordinates of M. Instead of working directly on the coset defined by the isotropy group H = S(U(1) × U(2) × U(1)) we shall follow the standard practice of working on the group SU(4) which amounts to the same thing provided that all the fields have their dependence on H fixed. We denote an element of SU(4) by u_I^i and its inverse by (u^{−1})_i^I . The group H is taken to act on the capital index I which we decompose as I = (1, r, 4), r ∈ {2, 3}, while SU(4) acts on the small indices i, j, . . .. Using u and its inverse we can convert SU(4) indices into H indices and vice versa. Thus we can define D_{αI} ≡ u_I^iD_{αi} = (D_{α1}, D_{αr}, D_{α4}) D̄^I_{α′} ≡ D̄^i_{α′} (u^{−1})_i^I = (D̄^1_{α′} , D̄^r_{α′} , D̄^4_{α′} ) . (2.1)

Clearly, we have {D_{α1}, D̄^4_β′ } = 0. To differentiate in the coset space directions we use the right-invariant vector fields on SU(4) which we denote by D_I^J , and which satisfy D̄I_J = −D_J I and D_I I = 0. These derivatives obey the Lie algebra relations of su(4) and act on u_K^k by D_I^J u_K^k = δ_K^J u_I^k − 1 4 δ_I^J u_K^k . (2.2)

The basic differential operators on SU(4) can be divided into three sets: the derivatives (D_1^1, D_r^s, D_4^4) correspond to the isotropy group, the derivatives (D_1^r, D_1^4, D_r^4) can be thought of as essentially the components of the ¯∂ operator on K and the derivatives (D_r^1, D_4^1, D_4^r) are the complex conjugates of these. Note that the derivatives (D_1^r, D_1^4, D_r^4) commute with D_{α1} and D̄^4_α′ . G-analytic fields are annihilated by D_{α1} and D̄4_{α′} , H-analytic fields are annihilated by (D_1r, D_14, D_r4) and analytic fields are annihilated by both of these sets of operators.

The N = 4 Yang-Mills theory is described in Minkowski superspace by a scalar superfield W_{ij} = −W_{ji} which transforms under the six-dimensional representation of SU(4) and also under the adjoint representation of the gauge group which we take to be SU(N). It is real in the sense that W̄^{ij} =^1_2 ϵ^{ijkl}W_{kl}. This superfield satisfies the constraints ∇_{αi}W_{jk} = ϵ_{ijkl}Λ_α^l ¯∇^i_{α′} W_{jk} = 2δ^i_{[j}Λ̄_{α′k]} (2.3)

where Λ is a superfield whose leading component is the spinor field of the multiplet.and where ∇_{αi} is a spinorial derivative which is covariant with respect to the gauge group. Using the superspace Bianchi identities one can easily show that the only other independent spacetime component of W is the spacetime Yang-Mills field strength and that all of the component fields satisfy their equations of motion.

In (4, 1, 1) superspace we can define the superfield W_{1r} ≡ u_1^iu_r^jW_{ij} . Using the properties outlined above one can easily show that

∇_{α1}W_{1r} = ¯∇^4_α′ W_{1r} = 0 (2.4)

– 4 – and that the derivatives (D_1^r, D_1^4, D_r^4) all annihilate W_{1r}, so that W_{1r} is a covariantly analytic field on (4, 1, 1) harmonic superspace. However, if we consider gauge-invariant products of W ’s, i.e. traces or multi-traces, the resulting objects will be analytic superfields; they will be annihilated by D_{α1} and D̄^4_α′ rather than the gauge-covariant versions. These are the superfields which we shall use to construct the 1/4 BPS states. To make the formulae less cluttered we shall abbreviate^3 W_{1r} to W_{r−1} and define W^r ≡ ϵ^{rs}W_s.

2.2 Quarter BPS operators

These superfields are easy to describe. The superfield corresponding to the representation [q, p, q] contains p + 2q powers of W in the representation p of SU(2) (this is the SU(2) in the isotropy group), i.e. it has p symmetrized SU(2) indices. If q = 0 the single trace operators are the chiral primaries which are 1/2 BPS. These operators we will refer to as CPOs and denote by A_p, A_{r1...rp} ≡ tr ( W_{(r1} . . . W_{rp)} ) (2.5)

The lowest CPO is the stress-tensor multiplet T_{rs} = A_{rs}. We can obtain further 1/2 BPS operators by taking products of CPOs and symmetrizing on all of the SU(2) indices. The 1/4 BPS operators (for q > 0) fall into two classes. There are operators that can be constructed as products of the CPOs with at least one pair of contracted indices, for example T_{rs}T^{rs} , A_{rst}A^{st} , A_{rst}A^t_{uvw} , and so on . (2.6) These operators have no commutators in their definition, and so are the candidate 1/4 BPS operators, up to subtleties which we shall come to in due course. Operators in the other class have at least one single-trace factor in which the indices of two or more pairs of W ’s are contracted, as in

tr W^2W^2 , A_{rst} tr W^2W^2 , tr W_rW_sW^2W^2 , etc. (2.7)

where W^2 ≡ W_rW^r = ϵ^{rs}W_rW_s = 1 2 ϵ^{rs}[W_r, W_s] . (2.8)

These operators are descendants; the superspace Bianchi identities imply that ϵ^{αβ}∇_{αi}∇_{βj}W̄^{kl} = 2δ_j^{[k} [ W_{im}, W̄^{l]m} ] . (2.9)

From this formula and its conjugate one can see that W^2 can be written as

W^2 = (∇_1)^2W̄^{14} = − (¯ ∇^4

)_2

W_{14} (2.10)

where (∇_1)^2 ≡ 1/2ϵ^{αβ} ∇_{α1}∇_{β1}, ( ¯∇^4)^2 ≡ −1/2ϵ^{α′β′} ¯∇^4_α′ ¯∇^4_β′ and where W_{14} = u_1^iu_4^jW_{ij} . Given a product of W_r’s containing a factor of W^2, therefore, the latter can be written in terms of derivatives as above and the derivatives can be taken to act on the whole expression with W^2 replaced by either W_{14} or its conjugate. This follows by G-analyticity. Indeed, if

3So the index r takes the values r = 2, 3 for W1r , and r = 1, 2 for Wr.

– 5 – there are two factors of W^2 in an operator then all four derivatives can be brought outside. This is because ∇_{α1}W_{14} = 0 and ¯∇^4_α′W̄^{14} = 0 . (2.11)

In fact, the descendant 1/4 BPS operators always have at least two factors of W^2 so that they can be written explicitly as derivatives of long operators by these means. However, we are not quite finished yet because the ancestor operators will not be H-analytic on (4, 1, 1) harmonic superspace as they stand. This can be remedied by noting that

(∇_1)^2 (¯ ∇^4

)_2¯ W^{1r} = [ W^2, W^r ] (2.12)

with the aid of which we can write, for example, tr(W^2W^2) as tr ( W^2W^2 ) = − 1 3 (∇_1)^2 (¯ ∇^4

)_2 ( tr ( W_{14}W̄^{14} ) + tr ( W_{1r}W̄^{1r} )) = − 1 12 (∇_1)^2 (¯ ∇^4

)_2 tr ( W_{ij}W̄^{ij} ) = − 1 12 (D_1)^2 (¯ D^4

)_2 tr ( W_{ij}W̄^{ij} ) (2.13)

where D_{α1}D_{β1} = ϵ_{αβ} (D_1)^2, and D̄^4_α′D̄^4_β′ = −ϵ_α′_β′ (D̄^4)^2. Hence we see that tr(W^2W^2) is a descendant of the Konishi operator K ≡ tr(W_{ij}W̄^{ij}). In general, one can use (2.4) , (2.10), (2.11) and (2.12) to find 1 2 (∇_1)^2 (¯ ∇^4

)_2 W_{ij} AW̄^{ij} = W_rA [ W^2, W^r ] + [ W^2, W^r ] AW_r − 2W^2AW^2 (2.14)

provided A involves only the W_r. And since we are dealing with gauge invariant operators, we can replace the ∇ by D. We note for future use that each of the descendants that we consider below can be written as an ancestor superfield acted on by the differential operator (D_1)^2(D̄^4)^2.

On the other hand, the CPOs themselves cannot be obtained by differentiation from other operators and so the candidate 1/4 BPS operators cannot be (entirely) descendants. An operator annihilated by D_1 and D̄^4 can be either a (D_1)^2(D̄^4)^2 descendant of a long primary; or a (D_1)^2 or (D̄^4)^2 descendant of a 1/8 BPS primary; or a 1/4 BPS primary. In [31] it was shown that a [q, p, q] scalar composite operator can not be a descendant of a 1/8 BPS primary. Therefore, we argue that after subtracting off all the descendant pieces from candidate BPS operators, we should be left with a 1/4 BPS primary; it simply can not be anything else!

2.3 Examples of systematic description

We begin by outlining a few rules that determine which tensor structures are permitted. First we observe that, since contractions are made using the antisymmetric tensor ϵ^{rs} while the tensors A_{rs...t} are symmetric, contractions within the same A give zero, A^r_{rs...t} = 0 , (2.15) so we can only contract indices in different A’s.

– 6 –

Next, consider T^2. Since T_{rs} transforms under the 3-dimensional representation of SU(2) it follows that the product of two T s will decompose into the five and one-dimensional representations. The former corresponds to symmetrisation on all four indices, i.e. T_{(rs}T_{uv)}, while for a single contraction we have T_{rt}T_s^t = −T_{st}T_r^t = 1 2 ϵ_{rs}T_{uv}T^{uv} . (2.16)

Similarly, the product of three T s contains only the seven-and three-dimensional representations, so that, for example T_r^sT_s^tT_t^r = 0 . (2.17)

One can look at contractions of other A’s in a similar fashion. For example, (A_3)^2 contains only the seven- and three-dimensional representations of SU(2) corresponding to tensors obtained by symmetrising on six or two indices with zero or two contractions respectively. So A^{rst}A_{rst} = A_{(rs}^vA_{tu)v} = 0 (2.18)

while A_r^{tu}A_{stu} = A_s^{tu}A_{rtu} (2.19) or, equivalently, 3A_{rst}A^t_{uv} = ϵ_{ru} ( A_{stw}A^{tw}_v ) + ϵ_{rv} ( A_{stw}A^{tw}_u ) + ϵ_{sv} ( A_{rtw}A^{tw}_u ) + ϵ_{su} ( A_{rtw}A^{tw}_v ) . (2.20)

These equations generalise in a straightforward manner. Whenever we contract an odd number of indices in two As of the same length and symmetrize on the remaining indices, the resulting tensor vanishes.^4 If As of different length are contracted (as in A_{rs}^tT_{tu}), there is no such restriction.

We shall now discuss some explicit examples. We shall use the convention that uncontracted SU(2) indices are understood to be totally symmetrized.

The representation [1, p, 1]. Such operators have to have (p + 2) W_r’s and only one contraction. There are no single trace operators in this class because tr ( W_{r1} . . . W_{rp} W^2 ) = 0 . (2.21)

Hence these operators can only be constructed by contracting CPOs. They are all protected. This can also be seen from representation theory because there are no long representations which contain these representations [40]. This result also shows that any single-trace factor in an operator must have at least two contractions.

Here we list the lowest dimensional examples of [1, p, 1] representations (for p ≤ 5). For [1, 1, 1] and [1, 2, 1] we can not construct any nonvanishing tensors of this form. For [1, 3, 1], there is one possible operator,

O = A_{rst}T^t_u . (2.22)

4In general there will be more than one nonvanishing structure. For instance, both A_{(rs}^{vw} A_{tu)vw} and A^{rstu}Arstu are independent nonvanishing tensors.

– 7 –

Similarly, for [1, 4, 1] the only possible operator is

O = A_{rstu}T^u_v . (2.23)

Higher representations offer more choices, and already in the [1, 5, 1] we find O_1 = A_{rstuv}T^v_w O_2 = A_{rstv}A^v_{uw} O_3 = T_{rs}T_{tv} A^v_{uw} . (2.24)

All of these operators have protected two-point functions, as we will explicitly verify in section 3.

The representation [2, 0, 2]. This operator is realized as an SU(2) scalar in (4, 1, 1) harmonic superspace. There are just two possibilities

O_1 = T_{rs}T^{rs} O_2 = tr ( W^2W^2 ) (2.25)

Using the rules outlined in the beginning of section 2.3, we see that O_1 is the only multiple trace operator one can construct with two pairs of contracted indices, and there is also no other choice for the single trace operator but O_2. O_1 is a candidate 1/4 BPS operator while O_2 is a descendant; as seen in (2.13), it is a descendant of the Konishi operator.

The representation [2, 1, 2]. This has 5 fields and forms an SU(2) doublet. There are again only two possibilities O_1 = A_{rst}T^{st} O_2 = tr ( W_rW^2W^2 ) (2.26)

This case is completely parallel to the [2, 0, 2] representation.

The operator O_2 can be written in the form

O_2 = − 1 16 (D_1)^2 (¯ D^4

)_2 tr ( W_rW_{ij}W̄^{ij} ) . (2.27)

Note that the ancestor here is defined on (4, 1, 1) harmonic superspace; it is not Ganalytic but it is H-analytic. One can easily remove the harmonic variables to obtain the corresponding superfield on ordinary superspace. In this case it is tr(W_{ij} W_{kl}W̄^{kl}).

The representation [2, 2, 2]. This has 6 fields and transforms as a triplet under SU(2). Multiple trace operators are constructed in the following way. We can partition the set of six fields as 6 = 4 + 2, 6 = 3 + 3, or 6 = 2 + 2 + 2. Two pairs of indices are contracted, and two remaining indices are symmetrized. The possibilities are O_1 = A_{rstu}T^{tu} O_2 = A_r^{tu}A_{stu}

– 8 –

O_3 = T_{rs}T_{tu}T^{tu} O_4 = tr ( W_rW_sW^2W^2 ) O_5 = tr ( W_rW^2W_sW^2 ) O_6 = tr ( W^2W^2 ) T_{rs} (2.28)

The first three are candidate 1/4 BPS operators while the last three are descendants. For the partitions 6 = 4 + 2 and 6 = 3 + 3, these are the only choices because contractions within the same A give zero. For the partition 6 = 2 + 2 + 2, equation (2.17) relates any other triple-trace [2, 2, 2] operator to O_3.

The operator O_6 is a descendant of the product of the Konishi operator and the supercurrent, while O_4 and O_5 are descendants of the operators

A_1 = tr ( W_rW_sW_{ij}W̄^{ij} ) A_2 = tr ( W_rW_{ij} W_sW̄^{ij} ) (2.29)

A short calculation yields

O_4 = 1 40 (D_1)^2 (¯ D^4

)_2 (A_2 − 3A_1)

O_5 = 1 20 (D_1)^2 (¯ D^4

)_2 (A_1 − 2A_2) . (2.30)

In terms of ordinary superfields, both A_1 and A_2 are in the [0, 2, 0] representation of SU(4).

The representation [2, 3, 2]. The possibilities are O_1 = A_{rstuv}T^{uv} O_2 = A_{rs}^{uv}A_{tuv} O_3 = A_{rst}T_{uv}T^{uv} O_4 = A_r^{uv} ( T^2 ) stuv O_5 = tr ( W_rW_sW_tW^2W^2 ) O_6 = tr ( W_rW_sW^2W_tW^2 ) O_7 = T_{rs} tr ( W_tW^2W^2 ) O_8 = A_{rst} tr ( W^2W^2 ) (2.31)

The first four are candidate 1/4 BPS operators while the second four are descendants.

The last of these is a descendant of a product of A_3 and the Konishi operator, while the ancestor of O_7 is a product of T and tr(W_rW_{ij}W̄^{ij}). For the other two descendants we have

O_5 = 1 24 (D_1)^2 (¯ D^4

)_2 (A_2 − 2A_1)

O_6 = 1 24 (D_1)^2 (¯ D^4

)_2 (A_1 − 2A_2) (2.32)

– 9 – where

A_1 = tr ( W_rW_sW_tW_{ij}W̄^{ij} ) A_2 = tr ( W_rW_sW_{ij}W_tW̄^{ij} ) . (2.33)

The representation [3, 0, 3]. There is only one possibility:

O = tr ( W^2W^2W^2 ) (2.34)

This operator is a descendant. There are no candidate 1/4 BPS operators in this case. As we saw in (2.17) and (2.18), the operators A_{rst}A^{rst} and T_{rs}T_t^rT^{st} vanish identically. Explicitly, this operator can be written as O = − 1 8 (D_1)^2 (¯ D^4

)_2 tr ( W^2W_{ij}W̄^{ij} ) . (2.35)

The representation [3, 1, 3]. This example again has seven fields but the representation of SU(2) is the doublet. The operators are O_1 = A_r^{stu}A_{stu} O_2 = ( T^2 ) rstu A stu O_3 = tr ( W_rW^2W^2W^2 ) O_4 = tr ( W_rW^2W_sW^2W^s − W_rW_sW^2W^sW^2 ) O_5 = T_r^s tr ( W_sW^2W^2 ) (2.36)

so there are 3 descendants in this case. We have symmetrized O_4 so that O^†_4 = +(O_4)^∗. This symmetry amounts to charge conjugation on the fields X in the adjoint representation of the gauge group and the 6 of SU(4). Its effect on the N = 1 superfield formulation is to map z_j → z^t_j .

The last operator is again a descendant of a product of operators that we have discussed previously. For the other two we have

O_3 = 1 30 (D_1)^2 (¯ D^4

)_2 (A_2 − 5A_1)

O_4 = 1 6 (D_1)^2 (¯ D^4

)_2

(A_1 + A_2) (2.37)

where

A_1 = tr ( W_rW^2W_{ij}W̄^{ij} ) A_2 = tr ( W_rW_sW_{ij}W^sW̄^{ij} ) . (2.38)

2.4 Multiplicity of quarter BPS operators The (classical) quarter BPS operators in the SU(4) representation are built from single trace quarter (and half) BPS operators. These have the form tr ( W_{(r1} . . . W_{rq )} ( W^2 )_p) (2.39)

for operators in the [p, q, p] SU(4) representation, but the order of the 2p + q operators inside the trace is arbitrary.

– 10 –

To find the number of different single trace operators in this representation, N_{pq}, consider the reducible operator

X_Q := tr ( W_{r1} . . . W_{rQ} ) , (2.40)

where the SU(2) indices are no longer taken to be symmetrised. This is in a reducible representation of SU(2), and contains all single trace scalar composite operators of dimension Q. So one obtains the number of operators in each representation by expanding this operator as a sum of irreducible representations. For example to find all single trace operators of dimension 4 consider X_4. This has 6 components (given by (1111), (1112), (1122), (1212), (2221), (2222) where (r_1r_2r_3r_4) is short hand for tr(W_{r1} . . . W_{r4} ).) In terms of irreducible SU(2) representations it splits as 6 = 5+1. In terms of SU(4) representations the 5 corresponds to [0, 4, 0] and the 1 corresponds to [2, 0, 2], and so we find that there is only one operator in each of these two representations.

More generally, to split X_Q into irreducibles, consider the components of X_Q. Let c(Q, p) denote the number of components of X_Q with p 1’s and Q − p 2’s, i.e. the number of ways to arrange a total of Q objects with p of one type and Q − p of another type up to circular permutations.

Then X_Q splits into the following irreducible representations: ⌊Q/2⌋∑

p=0 (c(Q, p) − c(Q, p − 1)) [p, q, p] (2.41) where q = Q − 2p and where ⌊x⌋ denotes the largest integer less than or equal to x. So the number of single trace operators in the [p, q, p] representation is N_{pq} = c(Q, p) − c(Q, p − 1). (2.42) In general the formula for c(Q, p) is quite complicated, but in certain cases it simplifies. For example c(Q, 0) = 1 , c(Q, 1) = 1 , c(Q, 2) = ⌊ Q 2 ⌋ , (2.43)

and if Q and p are co-prime then N_{pq} = 1 Q ( Q p ) . (2.44)

As an example, consider dimension 6 operators: X_6 has 14 components and c(6, p) is given by:

c(6, 0) = c(6, 1) = 1 , c(6, 2) = 3 , c(6, 3) = 4 . (2.45)

Then (2.42) gives

N_{06} = 1 , N_{14} = 0 , N_{22} = 2 , N_{30} = 1 , (2.46)

reproducing the correct numbers of single-trace operators discussed above (in particular there are two operators in the [2, 2, 2] representation and 1 in the [3, 0, 3].)

– 11 –

Since multiple trace operators can be obtained by multiplying together single trace operators, to find the number of multi-trace operators in a given representation one just has to consider all possible ways of obtaining the representation in question from tensor products of other representations and use the formula for single-trace operators.

2.5 Relationship between N = 4 and N = 1 superfields The map between quarter BPS operators in the N = 1 formalism and those in (4, 1, 1) analytic superspace is straightforward. In the N = 1 formalism the quarter BPS operators are given by [( z^{2c} )_p (z_d)^q ] (2.47) where [. . .] denote gauge invariant combinations, (X_a)^p ≡ X_{(a1} . . . X_{ap)} and z^{2c} ≡ z_az_bϵ^{abc}. Here the a, b, . . . = (1, 2, 3) are SU(3) indices. These operators have highest weight state given by [(z_1z_2 − z_2z_1)^p(z_1)^q] . (2.48) In (4, 1, 1) harmonic superspace on the other hand, this object is given by [( W^2 )_p (W_r)^q ] . (2.49) If we relabel the SU(2) indices r, s, . . . = 1, 2 then this operator has highest weight state [(W_1W_2 − W_2W_1)^p(W_1)^q] . (2.50) The correspondence between the N = 1 operators and the harmonic superspace operators is now clear, one simply replaces W with z to obtain the highest weight states of each.

3. Explicit computations

In this section we will explicitly calculate two point functions of the above operators. We will work with the lowest components of superfields, the z^a_i and z̄^a_i . (Here, i = 1, . . . , 3, and a labels the adjoint representation of the gauge group SU(N).) We list operators in a given irrep of the R-symmetry group SU(4) (some of them were missed in [31]), and for the descendant operators write out the corresponding Konishi-like long operator they come from. Then we look at Born level and order g^2 contributions to the two point functions of the highest weight state operators. (Most of them were calculated in [31]).

In each representation we will have the descendant operators L_i and “candidate 1/4- BPS” operators O. We will compute the order g^0 two point functions ⟨OL^†_i ⟩_{Born} and ⟨L_iL^†_j⟩_{Born}. Then we will consider operators Õ ≡ O − ⟨ OL^†_i ⟩ Born (⟨ LL^† ⟩_{−1} Born )_{ij} L_j . (3.1)

By construction, they are orthogonal to all the L_i at Born level, ⟨ÕL^†_i ⟩_{Born} = 0. Then we will show that these operators Õ have protected two point functions at order g^2, ⟨ÕL^†_i ⟩_g2 = 0 and ⟨Õ^′Õ^†⟩_g2 = 0 for all such operators Õ, Õ^′. The claim is that these operators Õ are 1/4-BPS.

The basis of operators we will choose is slightly different from the one used in [31]. The operators introduced in the preceding section are more natural and intuitive.

– 12 –

The representation [1, p, 1].

• There is only one operator in the representation [1, 3, 1] whose highest SU(4) weight state is O ≡ tr z_1z_1 tr z_1z_1z_2 − tr z_1z_2 tr z_1z_1z_1 (3.2) while acting on O once with an SU(4) ladder operator gives

O^′ ≡ 2 tr z_1z_1 tr z_1z_2z_2 − tr z_1z_2 tr z_1z_1z_2 − tr z_2z_2 tr z_1z_1z_1 . (3.3)

This operator has the same weight as the [2, 1, 2] operators (but is of course orthogonal to them). The Born and order g^2 overlaps are

⟨O^′O^{′†}⟩_{Born} = 15 32 N ( N^2 − 1 ) ( N^2 − 4 ) , ⟨O^′O^{′†}⟩_g2 = 0 . (3.4)

So indeed it is a 1/4-BPS operator.

• There is only one operator in the representation [1, 4, 1]. The highest SU(4) weight state operator is O ≡ tr z_1z_1 tr z_1z_1z_1z_2 − tr z_1z_2 tr z_1z_1z_1z_1 (3.5) while acting on O once with an SU(4) ladder operator gives

O^′ ≡ 2 tr z_1z_1 tr z_1z_1z_2z_2 +tr z_1z_1 tr z_1z_2z_1z_2 −2 tr z_1z_2 tr z_1z_1z_1z_2 −tr z_2z_2 tr z_1z_1z_1z_1 . (3.6) This operator has the same weight as the [2, 2, 2] operators (but is of course orthogonal to them). The Born and order g^2 overlaps are

⟨O^′O^{′†}⟩_{Born} = 3 8 (N^2 − 1)(N^2 − 4)(N^2 − 9) , ⟨O^′O^{′†}⟩_g2 = 0 . (3.7)

So indeed it is a 1/4-BPS operator.

• Finally, there are 3 operators in the representation [1, 5, 1]. Their highest SU(4) weight state operators are

O_1 ≡ tr z_1z_1 tr z_1z_1z_1z_1z_2 − tr z_1z_2 tr z_1z_1z_1z_1z_1 (3.8) O_2 ≡ tr z_1z_1z_1 tr z_1z_1z_1z_2 − tr z_1z_1z_2 tr z_1z_1z_1z_1 (3.9) O_3 ≡ tr z_1z_1 (tr z_1z_1 tr z_1z_1z_2 − tr z_1z_2 tr z_1z_1z_1) (3.10)

while acting on O once with an SU(4) ladder operator gives

O^′_1 ≡ 2 tr z_1z_1 tr z_1z_1z_1z_2z_2 + 2 tr z_1z_1 tr z_1z_1z_2z_1z_2 − −3 tr z_1z_2 tr z_1z_1z_1z_1z_2 − tr z_2z_2 tr z_1z_1z_1z_1z_1 (3.11) O^′_2 ≡ 2 tr z_1z_1z_1 tr z_1z_1z_2z_2 + tr z_1z_1z_1 tr z_1z_2z_1z_2 − − tr z_1z_1z_2 tr z_1z_1z_1z_2 − 2 tr z_1z_2z_2 tr z_1z_1z_1z_1 (3.12) O^′_3 ≡ 2 tr z_1z_1 tr z_1z_1 tr z_1z_2z_2 + tr z_1z_1 tr z_1z_2 tr z_1z_1z_2 − −2 tr z_1z_2 tr z_1z_2 tr z_1z_1z_1 − tr z_2z_2 tr z_1z_1 tr z_1z_1z_1 . (3.13)

– 13 –

These operators have the same weight as the [2, 3, 2] operators (but are of course orthogonal to them). The Born and order g^2 overlaps are

⟨O^′_iO^′_j^†⟩_{Born} =^{35(N 2 −1)(N 2 −4)} 128N × × N^4 − 10N^2 + 72 −11N^2 + 36 6N(N^2 − 2) N^4 − 4N^2 + 18 −2N(2N^2 + 3) 2N^2(N^2 + 5)

, (3.14)

⟨O^′_iO^′_j^†⟩_g2 = 0 . (3.15)

So indeed they all are 1/4-BPS operators.

The representation [2, 0, 2]. The operators corresponding to (2.25) are

O_1 = 2 (tr z_1z_1 tr z_2z_2 − tr z_1z_2 tr z_1z_2) O_2 = tr z_1z_1z_2z_2 − tr z_1z_2z_1z_2 . (3.16)

The single trace operator O_2 is a descendant of the Konishi scalar, (¯ Q¯_ζ )_2

tr z_jz̄^j = Q̄¯_ζ tr z_j √ 2ζ̄ψ̄^j = 6i √ 2(ζ̄ζ̄) tr[z_1, z_2]z_3, (Q_{ζ3} )^2 (¯ Q¯_ζ )_2

tr z_jz̄^j = −12i (¯ ζζ̄ ) Q_{ζ3} tr[z_1, z_2]ζ_3λ = 24 (¯ ζζ̄ ) (ζ_3ζ_3) tr[z_1, z_2]^2 = −48 (¯ ζζ̄ ) (ζ_3ζ_3) O_2 ; (3.17) or O_2 ∼ ( Q^2Q̄^2 ) tr z_jz̄^j . (3.18) for short.^5 On the other hand, the operator orthogonal to O_2 at Born level

Õ_1 = O_1 − 4 N O_2 (3.19)

stays orthogonal to O_2, ⟨Õ_1(x)Ō_2(y)⟩ = 0; and has a two-point function ⟨Õ_1(x) ¯Õ_1(y)⟩ = ⟨Õ_1(x) ¯Õ_1(y)⟩_{Born} protected at order g^2.

The representation [2, 1, 2]. In this representation we again have only two operators

O_1 = tr z_1z_1z_1 tr z_2z_2 − 2 tr z_1z_2 tr z_1z_2z_1 + tr z_1z_2z_2 tr z_1z_1 O_2 = tr z_1z_1z_1z_2z_2 − tr z_1z_1z_2z_1z_2 (3.20)

and the single trace operator is again a descendant,

O_2 ∼ (Q^2Q̄^2) tr [ z_1z_jz̄^j + z_1z̄^j z_j ] . (3.21)

The operator orthogonal to O_2 at Born level

Õ_1 = O_1 − 6 N O_2 (3.22)

satisfies ⟨Õ_1(x)Ō_2(y)⟩ = 0, ⟨Õ_1(x) ¯Õ_1(y)⟩ = ⟨Õ_1(x) ¯Õ_1(y)⟩_{Born} at order g^2.

5We will not write out the indices of the supercharges or proportionality constant explicitly from now on. The supercharges will be always the same as in (3.17), and keeping track of all the factors like 48 or (ζ̄ζ̄)(ζ3ζ3) would only clutter the notation.

– 14 –

The representation [2, 2, 2]. Here we have a total of six operators, one of which was missed in [31]. The lowest components of superfields (2.28) are

O_1 ≡ 3 tr z_1z_1z_1z_1 tr z_2z_2 − 6 tr z_1z_1z_1z_2 tr z_1z_2 + (2 tr z_1z_1z_2z_2 + tr z_1z_2z_1z_2) tr z_1z_1 O_2 ≡ tr z_1z_1z_1 tr z_1z_2z_2 − tr z_1z_1z_2 tr z_1z_1z_2 O_3 ≡ tr z_1z_1 (tr z_1z_1 tr z_2z_2 − tr z_1z_2 tr z_1z_2) O_4 ≡ tr z_1z_1z_1z_1z_2z_2 − 2 tr z_1z_1z_1z_2z_1z_2 + tr z_1z_1z_2z_1z_1z_2 O_5 ≡ tr z_1z_1z_1z_2z_1z_2 − tr z_1z_1z_2z_1z_1z_2 O_6 ≡ tr z_1z_1 (tr z_1z_1z_2z_2 − tr z_1z_2z_1z_2) (3.23)

(and we didn’t bother to keep the same normalization factors for all of them — just whatever looks better). The descendants arise from the Konishi-like long primary operators as O_4 ∼ ( Q^2Q̄^2 ) tr [ z_1z_1z_jz̄^j + z_1z_1z̄^j z_j ] O_5 ∼ ( Q^2Q̄^2 ) tr [ z_1z_j z_1z̄^j ] O_6 ∼ ( Q^2Q̄^2 ) [tr z_1z_1] [ tr z_jz̄^j ] . (3.24)

Note that another operator exists in a long multiplet, whose descendant coincides with O_6,

O_6 ∼ ( Q^2Q̄^2 ) [tr z_1z_j ] [ tr z_1z̄^j ] . (3.25)

This may be established by observing that the difference operator,

3 [tr z_1z_j ] [ tr z_1z̄^j ] − [tr z_1z_1] [ tr z_jz̄^j ] (3.26)

is semi-short.^6 A similar phenomenon occurs for higher representations, and we will not mention it explicitly.

The linear combinations orthogonal to these operators at Born level can be taken as

Õ_1 = O_1 − 24 N O_4 −

48(2N^2 − 3) N(3N^2 − 2)

O_5 + 40 3N^2 − 2

O_6

Õ_2 = O_2 − 4 N O_4 −

3(7N^2 − 8) N(3N^2 − 2)

O_5 + 5 3N^2 − 2

O_6

Õ_3 = O_3 − 20 3N^2 − 2

O_5 − 10 3N^2 − 2

O_6 . (3.27)

The matrix of two point functions in this basis is ( ⟨Õ_iÕ^†_j ⟩_{Born} 0 0 ⟨L_iL^†_j⟩_{Born} ) + ( 0 0 0 ⟨L_iL^†_j⟩_g2 ) (3.28)

where the (symmetric) blocks are

⟨L_iL^†_j ⟩_{Born} =^{(N 2 −1)}_{64}

7N^4 + 20N^2 + 8 −4N^4 − 10N^2 + 4 2N(13N^2 − 2) 3N^4 + 2 −2N(6N^2 + 1) 2N^2(3N^2 + 13)

(3.29)

6This is the non-renormalised 20’ operator discussed in [21, 41].

– 15 – and ⟨L_iL^†_j⟩_g2 =^{3B̃N(N 2−1)}_{32}

25N^4 + 148N^2 + 8 15N^4 − 66N^2 + 4 4N(27N^2 + 17) 10N^4 + 22N^2 + 2 −2N(28N^2 + 13) 2N^2(9N^2 + 89) (3.30) and ⟨Õ_1Õ^†_1⟩_{Born} =

360C_N N^2(3N^2 − 2) × ( N^6 − 11N^4 + 70N^2 − 48 )

⟨Õ_1Õ^†_2⟩_{Born} = −120C_N N^2(3N^2 − 2) × ( 5N^4 − 36N^2 + 24 )

⟨Õ_1Õ^†_3⟩_{Born} =

240C_N N(3N^2 − 2) × ( N^2 − 2 ) ( 2N^2 − 3 )

⟨Õ_2Õ^†_2⟩_{Born} = 5C_N N^2(3N^2 − 2) × ( 3N^6 − 41N^4 + 160N^2 − 96 )

⟨Õ_2Õ^†_3⟩_{Born} = −20C_N N(3N^2 − 2) × ( 13N^2 − 12 )

⟨Õ_3Õ^†_3⟩_{Born} =

60 C_N (3N^2 − 2) × ( N^2 + 1 ) ( N^2 − 2 ) . (3.31)

Here and below we shall use the abbreviation, C_N ≡ (N^2 − 1)(N^2 − 4) 64 . (3.32)

As seen from (3.28), the operators defined in (3.27) have protected two-point functions ⟨Õ_iÕ^†_j ⟩ at order g^2. This shows that we can argue that Õ_1, Õ_2, Õ_3 are the 1/4-BPS primaries we are after. Anomalous scaling dimensions of long operators (L_i = O_4, O_5, O_6) match those of their Konishi-like primaries computed in [41].

A better basis for protected [2, 2, 2] operators. It may seem odd that the operators mixing of the operators in the representations [2, 0, 2] and [2, 1, 2] are in terms of coefficients that are merely inverse powers of N, while the mixing coefficients for the operators we identified in the representation [2, 2, 2] have more complicated denominators. This distinction would also be surprising from the perspective of AdS/CFT, since the more complicated denominators would suggest that an infinite series of corrections in the string coupling g_s = λ/N would appear for given ‘t Hooft coupling λ. As a matter of fact, the mixing coefficients depend upon the bases chosen for both the O_1, O_2 and O_3 operators as well as the pure descendants. In a different basis, the coefficients are all proportional to inverse powers of N. For the representation [2, 2, 2], these new operators are found easily, and we have

Õ^′_1 = Õ_1 + 4 N Õ_3 = O_1 + 4 N O_3 − 24 N O_4 − 32 N O_5

Õ^′_2 = Õ_2 + 1 2N Õ_3 = O_2 − 4 N O_4 − 7 N O_5

Õ^′_3 = Õ_3 + 2 3N Õ_1 − 4 N Õ_2 = O_3 + 2 3N O_1 − 4 N O_2 − 10 3N O_6 . (3.33)

– 16 –

In this new basis, the matrix of 2-pt functions now reads

⟨Õ^′_iÕ^′_j^†⟩_{Born} = 5C_N N^2

24(N^4 + 3N^2 + 32) −16(N^2 + 9) 16N(4N^2 − 1) (N^2 − 3)(N^2 + 9) −2N(N^2 − 9) 4(N^4 + 17N^2 − 24) (3.34)

The representation [2, 3, 2]. Here there is a total of 8 operators (one was overlooked in [31]). The operators corresponding to the basis (2.31) are

O_1 ≡ 2 tr z_1z_1z_1z_1z_1 tr z_2z_2 − 4 tr z_1z_1z_1z_1z_2 tr z_1z_2 + (tr z_1z_1z_1z_2z_2 + tr z_1z_1z_2z_1z_2) tr z_1z_1 O_2 ≡ 3 tr z_1z_1z_1z_1 tr z_1z_2z_2 − 6 tr z_1z_1z_1z_2 tr z_1z_1z_2 + (2 tr z_1z_1z_2z_2 + tr z_1z_2z_1z_2) tr z_1z_1z_1 O_3 ≡ tr z_1z_1z_1 (tr z_1z_1 tr z_2z_2 − tr z_1z_2 tr z_1z_2) O_4 ≡ tr z_1z_1z_1 tr z_1z_1 tr z_2z_2 − 2 tr z_1z_1z_2 tr z_1z_1 tr z_1z_2 + tr z_1z_2z_2 tr z_1z_1 tr z_1z_1 O_5 ≡ tr z_1z_1z_1z_1z_1z_2z_2 − 2 tr z_1z_1z_1z_1z_2z_1z_2 + tr z_1z_1z_1z_2z_1z_1z_2 O_6 ≡ tr z_1z_1z_1z_1z_2z_1z_2 − tr z_1z_1z_1z_2z_1z_1z_2 O_7 ≡ (tr z_1z_1z_1z_2z_2 − tr z_1z_1z_2z_1z_2) tr z_1z_1 O_8 ≡ (tr z_1z_1z_2z_2 − tr z_1z_2z_1z_2) tr z_1z_1z_1 . (3.35)

Out of these, four are descendants,

O_5 ∼ ( Q^2Q̄^2 ) tr [ 2z_1z_1z_1z_jz̄^j + 2z_1z_1z_1z̄^j z_j − z_1z_1z_j z_1z̄^j − z_1z_1z̄^j z_1z_j ] O_6 ∼ ( Q^2Q̄^2 ) tr [ z_1z_1z_1z_jz̄^j + z_1z_1z_1z̄^j z_j − 2z_1z_1z_j z_1z̄^j − 2z_1z_1z̄^j z_1z_j ] O_7 ∼ ( Q^2Q̄^2 ) [ tr z_1z_1z_j tr z_1z̄^j + tr z_1z_1z̄^j tr z_1z_j − 12 tr z_1z_1z_1 tr z_jz̄^j ] O_8 ∼ ( Q^2Q̄^2 ) [ tr z_1z_1z_1 tr z_jz̄^j ] (3.36)

while the combinations orthogonal to them at Born level can be taken as

Õ_1 = O_1 − 20 N O_5 −

30(N^2 − 2)

N^3

O_6 +

15(N^2 − 2) N^4

O_7 +

10(N^2 + 2) N^4

O_8

Õ_2 = O_2 − 30 N O_5 −

30(2N^2 − 3)

N^3

O_6 +

15(2N^2 − 3) N^4

O_7 +

10(N^2 + 3)

N^4

O_8

Õ_3 = O_3 − 12 N^2

O_6 −

3(N^2 − 2) N^3

O_7 −

2(N^2 + 2) N^3

O_8

Õ_4 = O_4 − 18 N^2

O_6 −

(7N^2 − 9) N^3

O_7 −

2(2N^2 + 9) 3N^3

O_8 . (3.37)

The matrix of two point functions in this basis is ( ⟨Õ_iÕ^†_j ⟩_{Born} 0

0 ⟨L_iL^†_j ⟩_{Born} ) + ( 0 0 0 ⟨L_iL^†_j ⟩_g2 ) (3.38)

so indeed at order g^2 the operators defined in (3.37) have protected correlators. This shows that we can argue that Õ_1, Õ_2, Õ_3, Õ_4 are the 1/4-BPS primaries we are after. The

– 17 –

(symmetric) blocks in equation (3.38) are

⟨L_iL^†_j⟩_{Born} =^1_2 NC_N

6N^2 + 45 −3N^2 − 9 18N 36N 2N^2 − 3 −4N −15N 4N^2 + 24 36 9N^2 + 54

(3.39)

and ⟨L_iL^†_j ⟩_g2 = 12B̃NC_N

× 9N(2N^2 + 27) −9N(N^2 + 8) 54(N^2 + 2) 27(5N^2 + 6) N(5N^2 + 17) −6(3N^2 + 2) −6(10N^2 + 3) 4N(2N^2 + 23) 174N 9N(3N^2 + 35)

.(3.40)

The Born level overlaps of protected operators are given by ugly and not particularly illuminating expressions. Here we list them for the sake of completeness:

⟨Õ_1Õ^†_1⟩_{Born} = 30C_N N^{−5} ( N^8 − 10N^6 + 117N^4 − 720N^2 + 420 ) ⟨Õ_1Õ^†_2⟩_{Born} = −90C_N N^{−5} ( 4N^6 − 69N^4 + 395N^2 − 210 ) ⟨Õ_1Õ^†_3⟩_{Born} = 90C_N N^{−4} ( N^2 − 2 ) ( N^4 − 7N^2 + 14 ) ⟨Õ_1Õ^†_4⟩_{Born} = 30C_N N^{−4} ( N^2 − 2 ) ( N^2 − 9 ) ( 3N^2 − 7 ) ⟨Õ_2Õ^†_2⟩_{Born} = 45C_N N^{−5} ( N^8 − 29N^6 + 328N^4 − 1290N^2 + 630 ) ⟨Õ_2Õ^†_3⟩_{Born} = −630C_N N^{−4} ( N^2 − 1 ) ( N^2 − 6 ) ⟨Õ_2Õ^†_4⟩_{Born} = 30C_N N^{−4} ( N^2 − 1 ) ( N^2 − 9 ) ( 2N^2 − 21 ) ⟨Õ_3Õ^†_3⟩_{Born} = 9C_N N^{−3} ( N^6 − N^4 − 16N^2 + 56 ) ⟨Õ_3Õ^†_4⟩_{Born} = 6C_N N^{−3} ( N^2 − 9 ) ( N^4 + 3N^2 − 14 ) ⟨Õ_4Õ^†_4⟩_{Born} = 2C_N N^{−3} ( N^2 − 9 ) ( 7N^4 + 16N^2 − 63 ) (3.41)

and the constant C_N = (N^2 − 1)(N^2 − 4)/64 was defined in (3.32).

The representation [3, 1, 3]. Here there is a total of 5 operators (one was overlooked in [31]). The highest weight states lowest component operators corresponding to the basis (2.36) are

O_1 ≡ tr z_1z_1z_1z_1 tr z_2z_2z_2 − 3 tr z_1z_1z_1z_2 tr z_1z_2z_2 +

+ (2 tr z_1z_1z_2z_2 + tr z_1z_2z_1z_2) tr z_1z_1z_2 − tr z_1z_2z_2z_2 tr z_1z_1z_1 O_2 ≡ tr z_1z_2 (2 tr z_1z_2 tr z_1z_2z_2 − tr z_2z_2 tr z_1z_1z_1 − 3 tr z_1z_1 tr z_1z_2z_2) + + tr z_1z_1 (tr z_2z_2 tr z_1z_1z_2 + tr z_1z_1 tr z_2z_2z_2) O_3 ≡ tr z_1z_1z_1z_2z_1z_2z_2 − tr z_1z_1z_1z_2z_2z_1z_2 O_4 ≡ 2 tr z_1z_1z_1z_1z_2z_2z_2 − 3 tr z_1z_1z_1z_2z_1z_2z_2 − 3 tr z_1z_1z_1z_2z_2z_1z_2 + +2 tr z_1z_1z_2z_1z_2z_1z_2 + 2 tr z_1z_1z_2z_2z_1z_1z_2 O_5 ≡ − (tr z_1z_1z_2z_2z_2 − tr z_1z_2z_1z_2z_2) tr z_1z_1 +

+ (tr z_1z_1z_1z_2z_2 − tr z_1z_1z_2z_1z_2) tr z_1z_2 . (3.42)

– 18 –

Out of these three are descendants,

O_3 ∼ ( Q^2Q̄^2 ) tr [ z_1z_1z_2z_jz̄^j + z_1z_1z_2z̄^jz_j − z_1z_1z_jz̄^j z_2 − z_1z_1z̄^jz_j z_2 ]

O_4 ∼ ( Q^2Q̄^2 ) tr [ z_1z_1z_2z_jz̄^j + z_1z_1z_2z̄^jz_j + z_1z_1z_jz̄^j z_2 + z_1z_1z̄^jz_j z_2 −

− 2z_1z_2z_1z_jz̄^j − 2z_1z_2z_1z̄^jz_j ] (3.43)

O_5 ∼ ( Q^2Q̄^2 ) [ 2 tr z_1z_1z_j tr z_2z̄^j + 2 tr z_1z_1z̄^j tr z_2z_j − tr z_1z_2z̄^j tr z_1z_j −

− tr z_1z_2z_j tr z_1z̄^j − tr z_2z_1z̄^j tr z_1z_j − tr z_2z_1z_j tr z_1z̄^j ]

while the combinations orthogonal to them at Born level can be taken as

Õ_1 = O_1 − 2N N^2 − 2

O_4 − 5 N^2 − 2

O_5

Õ_2 = O_2 + 8 N^2 − 2

O_4 + 10N N^2 − 2

O_5 . (3.44)

The matrix of two point functions in this basis is ( ⟨Õ_iÕ^†_j ⟩_{Born} 0

0 ⟨L_iL^†_j ⟩_{Born} ) + ( 0 0 0 ⟨L_iL^†_j ⟩_g2 ) (3.45)

so indeed at order g^2 the operators defined in (3.44) have protected correlators. This shows that we can argue that Õ_1, Õ_2, are the 1/4-BPS primaries we are after. The (symmetric) blocks in (3.45) are

⟨L_iL^†_j ⟩_{Born} = C_N

N(N^2 − 9) 0 0 15N(N^2 + 3) −30N^2 3N(N^2 + 6) ⟨L_iL^†_j⟩_g2 = 6B̃NC_N 5N(N^4 − 9) 0 0 75N(N^2 + 7) 180(N^2 + 1) 12N(N^2 + 16)

⟨Õ_iÕ^†_j ⟩_{Born} =

15(N^2 − 9) N^2(N^2 − 2) C_N ( (N^2 − 1)(N^2 − 4) 4N(N^2 − 1) 2N^2(N^2 − 6) ) . (3.46)

Here we should mention that the operator O_3 (which was overlooked in [31]) has zero correlators with everything else. The reason is that O^†_3 = −(O_3)^∗ while all other operators satisfy O^†_i = +(O_i)^∗.

Completeness of the construction. An important point which remains to be addressed is whether the construction of the 1/4 BPS operators given above is exhaustive. The fact that it is follows from SU(4) group theory in the following manner. Given a 1/4 BPS representation of SU(4) of the type [q, p, q], one begins by listing all possible monomial scalar composite operators built out of (p + q) z_1’s and q z_2’s.^7 These monomials form a

7The remaining scalar field z3 never enters in the highest weight of a 1/4 BPS representation, though it will also be needed when describing 1/8 BPS operators.

– 19 – basis for the linear space of scalar composite operators of the form [(z_1)^{(p+q)} (z_2)^q]. They can occur in representations [0, p + 2q, 0], [1, p + 2q − 2, 1], . . . , [q, p, q]. Then we have to show that the number of such monomials matches the total number of operators we constructed in these representations.

Let us illustrate how this works with an example. Consider the [2, 2, 2] representation. The complete set of scalar composite operators we can build out of 4 z_1’s and 2 z_2’s is

6 : tr z_1z_1z_1z_1z_2z_2, tr z_1z_1z_1z_2z_1z_2, tr z_1z_1z_2z_1z_1z_2 4 + 2 : tr z_1z_1z_1z_1 tr z_2z_2, tr z_1z_1z_1z_2 tr z_1z_2, tr z_1z_1z_2z_2 tr z_1z_1, tr z_1z_2z_1z_2 tr z_1z_1 3 + 3 : tr z_1z_1z_1 tr z_1z_2z_2, tr z_1z_1z_2 tr z_1z_1z_2 2 + 2 + 2 : tr z_1z_1 tr z_1z_1 tr z_2z_2, tr z_1z_1 tr z_1z_2 tr z_1z_2 (3.47)

or the total of 11 operators. By taking linear combinations of these, we can construct:

• 4 totally symmetric tensors in the [0, 6, 0] corresponding to the partitions of 6 in (3.47);

• 1 tensor in the representation [1, 4, 1], given in (3.6);

• 6 tensors in the representation [2, 2, 2], listed in (3.23).

Thus there are no other scalar composite operators of the form [(z_1)^4 (z_2)^2]. In the same fashion, we can go through all other representations we have considered in this paper and verify that we didn’t leave out any operators.

References

[1] V.K. Dobrev and V.B. Petkova, On the group theoretical approach to extended conformal supersymmetry: classification of multiplets, Lett. Math. Phys. 9 (1985) 287.

[2] S. Ferrara and E. Sokatchev, Short representations of SU(2, 2|N) and harmonic superspace analyticity, Lett. Math. Phys. 52 (2000) 247 [hep-th/9912168];

S. Ferrara, Superspace representations of SU(2, 2|N) superalgebras and multiplet shortening,

hep-th/0002141.

[3] S. Minwalla, Restrictions imposed by superconformal invariance on quantum field theories, Adv. Theor. Math. Phys. 2 (1998) 781 [hep-th/9712074];

J. Rasmussen, Comments on N = 4 superconformal algebras, Nucl. Phys. B 593 (2001) 634 [hep-th/0003035].

[4] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[6] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[7] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

– 20 –

[8] D. Bigatti and L. Susskind, Tasi lectures on the holographic principle, hep-th/0002044.

[9] E. D’Hoker and D.Z. Freedman, Supersymmetric gauge theories and the AdS/CFT correspondence, hep-th/0201253.

[10] S.-M. Lee, S. Minwalla, M. Rangamani and N. Seiberg, Three-point functions of chiral operators in D = 4, N = 4 sym at large-N, Adv. Theor. Math. Phys. 2 (1998) 697 [hep-th/9806074].

[11] D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the CFT(d)/AdS(d + 1) correspondence, Nucl. Phys. B 546 (1999) 96 [hep-th/9804058].

[12] E. D’Hoker, D.Z. Freedman and W. Skiba, Field theory tests for correlators in the AdS/CFT correspondence, Phys. Rev. D 59 (1999) 045008 [hep-th/9807098].

[13] S. Penati, A. Santambrogio and D. Zanon, Two-point functions of chiral operators in N = 4 SYM at order g^4, J. High Energy Phys. 12 (1999) 006 [hep-th/9910197].

[14] P.S. Howe, E. Sokatchev and P.C. West, 3-point functions in N = 4 Yang-Mills, Phys. Lett.

B 444 (1998) 341 [hep-th/9808162].

[15] F. Bastianelli and R. Zucchini, Three point functions for a class of chiral operators in maximally supersymmetric CFT at large-N, Nucl. Phys. B 574 (2000) 107 [hep-th/9909179]; 3-point functions of universal scalars in maximal SCFTs at large-N, J. High Energy Phys. 05 (2000) 047 [hep-th/0003230].

[16] K.A. Intriligator, Bonus symmetries of N = 4 super-Yang-Mills correlation functions via AdS duality, Nucl. Phys. B 551 (1999) 575 [hep-th/9811047];

K.A. Intriligator and W. Skiba, Bonus symmetry and the operator product expansion of N = 4 super-Yang-Mills, Nucl. Phys. B 559 (1999) 165 [hep-th/9905020].

[17] B. Eden, P.S. Howe and P.C. West, Nilpotent invariants in N = 4 SYM, Phys. Lett. B 463 (1999) 19 [hep-th/9905085];

P.S. Howe, C. Schubert, E. Sokatchev and P.C. West, Explicit construction of nilpotent covariants in N = 4 SYM, Nucl. Phys. B 571 (2000) 71 [hep-th/9910011].

[18] P.S. Howe and P.C. West, Superconformal invariants and extended supersymmetry, Phys.

Lett. B 400 (1997) 307 [hep-th/9611075].

[19] E. D’Hoker, D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Extremal correlators in the AdS/CFT correspondence, in the Yuri Golfand memorial volume. Many faces of the superworld, M. Shifman ed., World Scientific, Singapore 2000, [hep-th/9908160].

[20] B. Eden, P.S. Howe, C. Schubert, E. Sokatchev and P.C. West, Extremal correlators in four-dimensional sCFT, Phys. Lett. B 472 (2000) 323 [hep-th/9910150].

[21] G. Arutyunov, S. Frolov and A. C. Petkou, Operator product expansion of the lowest weight CPOs in N = 4 SYM_4 at strong coupling, Nucl. Phys. B 586 (2000) 547 [hep-th/0005182]; Perturbative and instanton corrections to the OPE of CPOs in N = 4 SYM_4, Nucl. Phys. B 602 (2001) 238 [hep-th/0010137];

G. Arutyunov, B. Eden, A. C. Petkou and E. Sokatchev, Exceptional non-renormalization properties and OPE analysis of chiral four-point functions in N = 4 SYM_4, Nucl. Phys. B 620 (2002) 380 [hep-th/0103230];

P.J. Heslop and P.S. Howe, A note on composite operators in N = 4 SYM, Phys. Lett. B 516 (2001) 367 [hep-th/0106238].

– 21 –

[22] M. Bianchi and S. Kovacs, Non-renormalization of extremal correlators in N = 4 SYM theory, Phys. Lett. B 468 (1999) 102 [hep-th/9910016].

[23] B.U. Eden, P.S. Howe, E. Sokatchev and P.C. West, Extremal and next-to-extremal n-point correlators in four-dimensional sCFT, Phys. Lett. B 494 (2000) 141 [hep-th/0004102].

[24] J. Erdmenger and M. Perez-Victoria, Non-renormalization of next-to-extremal correlators in N = 4 sym and the AdS/CFT correspondence, Phys. Rev. D 62 (2000) 045008 [hep-th/9912250].

[25] E. D’Hoker, J. Erdmenger, D.Z. Freedman and M. Perez-Victoria, Near-extremal correlators and vanishing supergravity couplings in AdS/CFT, Nucl. Phys. B 589 (2000) 3 [hep-th/0003218].

[26] G. Arutyunov and S. Frolov, Scalar quartic couplings in type-IIB supergravity on AdS_5 × S^5, Nucl. Phys. B 579 (2000) 117 [hep-th/9912210]; Scalar quartic effective action on AdS_5,

hep-th/0002152.

[27] G. Arutyunov, B. Eden and E. Sokatchev, On non-renormalization and OPE in superconformal field theories, Nucl. Phys. B 619 (2001) 359 [hep-th/0105254].

[28] W. Skiba, Correlators of short multi-trace operators in N = 4 supersymmetric Yang-Mills, Phys. Rev. D 60 (1999) 105038 [hep-th/9907088];

F. Gonzalez-Rey, B. Kulik and I.Y. Park, Non-renormalization of two point and three point correlators of N = 4 SYM in N = 1 superspace, Phys. Lett. B 455 (1999) 164 [hep-th/9903094].

[29] S. Ferrara and E. Sokatchev, Superconformal interpretation of BPS states in AdS geometries, Int. J. Theor. Phys. 40 (2001) 935–984 [hep-th/0005151];

P.J. Heslop and P.S. Howe, A note on composite operators in N = 4 SYM, Phys. Lett. B 516 (2001) 367 [hep-th/0106238];

N. Maggiore and A. Tanzini, Protected operators in N = 2,4 supersymmetric theories, Nucl. Phys. B 613 (2001) 34 [hep-th/0105005].

[30] L. Andrianopoli and S. Ferrara, Short and long SU(2, 2/4) multiplets in the AdS/CFT correspondence, Lett. Math. Phys. 48 (1999) 145 [hep-th/9812067];

L. Andrianopoli, S. Ferrara, E. Sokatchev and B. Zupnik, Shortening of primary operators in N-extended SCFT(4) and harmonic-superspace analyticity, Adv. Theor. Math. Phys. 3 (1999) 1149 [hep-th/9912007].

[31] A.V. Ryzhov, Quarter BPS operators in N = 4 SYM, J. High Energy Phys. 11 (2001) 046 [hep-th/0109064].

[32] E. D’Hoker and A.V. Ryzhov, Three-point functions of quarter BPS operators in N = 4 SYM, J. High Energy Phys. 02 (2002) 047 [hep-th/0109065].

[33] L. Hoffmann, L. Mesref, A. Meziane and W. Ruhl, Multi-trace quasi-primary fields of N = 4 SYM(4) from AdS n-point functions, Nucl. Phys. B 641 (2002) 188 [hep-th/0112191].

[34] P.J. Heslop and P.S. Howe, Opes and 3-point correlators of protected operators in N = 4 SYM, Nucl. Phys. B 626 (2002) 265 [hep-th/0107212].

[35] H. Liu and A.A. Tseytlin, D = 4 super Yang-Mills, D = 5 gauged supergravity and D = 4 conformal supergravity, Nucl. Phys. B 533 (1998) 88 [hep-th/9804083]; E. D’Hoker and D.Z. Freedman, Gauge boson exchange in AdS(d + 1), Nucl. Phys. B 544 (1999) 612 [hep-th/9809179];

– 22 –

E. D’Hoker, S.D. Mathur, A. Matusis and L. Rastelli, The operator product expansion of N = 4 sym and the 4-point functions of supergravity, Nucl. Phys. B 589 (2000) 38 [hep-th/9911222];

M. Bianchi, M.B. Green, S. Kovacs and G. Rossi, Instantons in supersymmetric Yang-Mills and d-instantons in IIB superstring theory, J. High Energy Phys. 08 (1998) 013 [hep-th/9807033];

B. Eden, P.S. Howe, C. Schubert, E. Sokatchev and P.C. West, Four-point functions in N = 4 supersymmetric Yang-Mills theory at two loops, Nucl. Phys. B 557 (1999) 355 [hep-th/9811172];

P.J. Heslop and P.S. Howe, Four-point functions in N = 4 SYM, J. High Energy Phys. 01 (2003) 043 [hep-th/0211252];

G. Arutyunov, F.A. Dolan, H. Osborn and E. Sokatchev, Correlation functions and massive Kaluza-Klein modes in the AdS/CFT correspondence, hep-th/0212116.

[36] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, Unconstrained N = 2 matter, Yang-Mills and supergravity theories in harmonic superspace, Class. and Quant. Grav. 1 (1984) 469.

[37] G.G. Hartwell and P.S. Howe, (N,p,q) harmonic superspace, Int. J. Mod. Phys. A 10 (1995) 3901 [hep-th/9412147]; A superspace survey, Class. and Quant. Grav. 12 (1995) 1823.

[38] P. Heslop and P.S. Howe, On harmonic superspaces and superconformal fields in four dimensions, Class. and Quant. Grav. 17 (2000) 3743 [hep-th/0005135].

[39] E. D’Hoker and D.H. Phong, Lectures on supersymmetric Yang-Mills theory and integrable systems, in Theoretical Physics at the end of the XX-th Century, proceedings of the CRM Summer School, June 27 – July 10, 1999, Banff, Canada Y. Saint-Aubin and L. Vinet eds., Springer Verlag 2000, [hep-th/9912271].

[40] F.A. Dolan and H. Osborn, On short and semi-short representations for four dimensional superconformal symmetry, hep-th/0209056.

[41] M. Bianchi, B. Eden, G. Rossi and Y.S. Stanev, On operator mixing in N = 4 SYM, Nucl.

Phys. B 646 (2002) 69 [hep-th/0205321].

– 23 –